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jested  Servo  Control..  System  for  bumblebee 
with  Preliminary  Tile o  r  e  t  i c  a 1~  lysis . 


1.  3UMMAHY: 

*-**■  a*  general  plan  is  described  for  a  servo  system  which 
automaticallv  stabilizes  the  pumolebee  about  the  roll.,  yaw, 
and  pitch  axes  and  steers  it  in  elevation  and  traverse',  a 
schematic  diagram  of  a  representative  system  is  shown  in 
Figure  1 . 

s' 

"^luations  are  written  govern  in.”  the  stabilization  and 
steering  response  based  upon  assumptions  regarding  the  action 
of;  the  various  components.*:  General  assumptions  ares 

h.*  The  response  of  the  whole  system,  and.  each 
part  in  particular,  is  linear. 

% 

B.  backlash,  dead  space,  noise  in  the  radar  sig¬ 
nal,  leak-age,  and  dry  friction  are  negligible. 

G.  The  response  of  the  "bee  about  any  one  of  the 
vthree  axes  is  independent  of  its  response  about 
the  other  two. 

Some  of  the  soneral  conclusions  arrived  sit  arec 

*  '  -  ■  ■  -- 

a.  It  appears  that  a  3tabilization-steering  sys¬ 
tem  using  two  free  gyros  may  be  possible. 

This  wili  depend  upon  the  ability  of  the  roll 
system  to  3top  the  spin.  Otherwise  a  rate  gyro 
connected  in  series  with-  the  roll  free  gyro 
may  be  noco3sarTr . 
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Stability  of  the  stabilization-steering  sys¬ 
tem  can  be  adjusted  by  feeding  back  to  the 
error  signal  an  anti-hunt  signal  proportional 
to  the  displacement  of  the  control  surfaces. 

The  steady  state  stabilization  about  the  three 
independent  axes  with  no  steering  signal  is 
theoretically  perfect. 

For  a  missile  which  is  aerodynamics lly  stable 
about  the  pitch  and  yaw  axes,  the  response  to 
a  constant  steering  signal  is  a  constant  per¬ 
centage  of  that  signal. 

For  a  missile  which  has  neutral  stability  about 
the  yaw  (Or  pitch),  axis,  the  response  to  a 
constant  steering  signal  is  perfect. 

The  overran  stability  of  the  control  system 
depends  heavily  upon: 

i)  The  static  stability  coefficient  of 
the  missile, 

ii)  The  damping  constant  of  the  missile, 

iii)  The  feedback  coefficient, 

and  to  some  extent  upon  all  the  other  par¬ 
ameters  of  the  system. 

The  constant  velocity  lag  during  steering  of 
the  simplest  system  can  be  eliminated  theoret¬ 
ically  by  the  addition  of  integral  error  con¬ 
trol  on  the  ground  or  in  the  bee. 

Formulas  for  the  amplitude*  ratio  of  the  bumble¬ 
bee  response  to  sinusoidal  target  motions  (or 
radar  errors)  are  given,  but  numerical  calcula¬ 
tions  have  not  been  made  because  of  the  lack  of 
information  on  the  expected  range  of  the 
parameters-.  - 
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1.  The  feedback  in  the  stabilization  system  can 
be  adjusted  to  make  the  stabilization  system 
stable  even  when  the  static  stability  coeffi¬ 
cient  Kg  of  the  missile  is  negative.  It  is  not 
evident  that  the  corresponding  statement  holds 
for  the  overall  steeringrstabilization  system. 
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2.  General. Plan  for  Stabilization.  —  A  general  plan  for 
stabilizing  the  bee  about  the  three  axes  i3  proposed.  The 
system  is  similar  to  the  Sperry  automatic  Pilot.  As  visual¬ 
ized  at  present  it  will  operate  for  roll  axis  stabilization 
somewhat  as  follows: 

Roll  Axis  Stabilization.  —  A  free  gyro  i3  mounted  with 
the  axis  of  the  outer  gimbal  parallel  to  the  center  line  of 
the  b eh.  Upon  launching,,  the  gyro  is  uncaged  so  that  the  spin 
axis  is  vertical,  iuiy  rotation  about  the  axis  of  symmetry 
will  induce  an  error  signal,  such  as  a  pressure  difference, 
in  the  pneumatic  pickoffs.  The  difference  in  pressure  oper¬ 
ates  a  diaphragm  attached  to  a  balanced  oil  valve  restrained 
by  a  spring  which  makes  it  seek  a  neutral  position.  As  the 
valve  is  opened  and  closed,  oil,  under  pressure,  flows  into 
a;  piston  whoso  displacement  moves  the  control  surfaces  on  the 
bee.  At  the  same  time  it  feeds  back  a  signal  on  the  pickoffs 
to  decrease  .the  error  signal.  This  feedback  is  used  to  make 
the  system  stable.  The  action  of  the  aerodynamic  forces  on 
the  control  surfaces  causes  the  bee  to  rotate  about  its  roll, 
axis  in  a  direction  opposite  to  that  of  the  error  signal. 

3ince  this  i>3  a  pneumatic -hydraulic  mechanical  system,  the 
need  for  sources  of  electrical  power  is  eliminated.  Of  course, 
if  a  generator  is  installed  to  furnish  an  electrical  supply  for 
the  electronic  equipment,  it  might  be  possible  to  replace  the 
pneumatic  pickoff  with  an  electrical  one.  The  cower  for  the 
hydraulic  servo  has  been  thought  of  as  pressure" generated 
in  a  tank  by  chemical  action  such  as  that-  of  3lo\v  earning 
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cordite.  It  may  be  found  that  an  air  turbine  can  be  used  for 
power  without  additional  cost  in  rag;  however*  the  problem  of 
gearin'?  down  the  high  speed  would  probably  be  insurmountable. 
If  the  hydraulic  servo  is  used,  it" seems  desirable  to  build 
a  system' which  will  not  waste  the  oil  from  the  servo  out  will 
recirculate  It.  The  decision  as  to  whether  or  not  it  is  cheap 
er  to  build  the  additional  oil  pump  rather  than  to  waste  oil 
depends  upon  the  amount  of  oil  required  if  hot  circulated. 

One  aim  in  the  design  should  be  to  make  it,  possible  to  set 
the  controls  in  a  fixed  position  without  losing  oil. 

Yaw  and  .Pitch  Stabilization  Systems-.  --  Th>  combination 
stabilization “system' "for  yaw ’and”  pitch  will  be  like  that  for 
roll  with  the  following  additions!  A  .different"  free  gyro  will 
be  used,  which  must  be  equipped  with  pickoffs  indicating  er-*-: 
rors  about  both  the  yaw  and  pitch  axes*  Furthermore,  a  gyro 
precessing  mechanism,  assumed  now  to  oe  an  air  source,  will 
be  needed  for  steering;  Radar  error  signals  will  control  the 
precession  either  (a)  automatically  from  the  missile,  or  (b) 
from  the  ground;  The  combination  of  pickoffs,  precessing. 
mechanism,  and  feedback  mechanisms  on  the  pitch-yaw  gyro 
seems  to  be  the  most  complicated  part  of  the  control  servo 
mechanism. 


3;  Schematic  Diagram  of  the  Control  Servos.  —  The  diagram 
of  Fig.  1  is  a  schematic  representation  'of~ the  system  for 
servo  control  about  the  yaw  or  pitch  axis,  dox  (I)  may  be 
spoken  of  as  the  stabilization  part  and  box  (II)  the  steering 
part  of  the  system;  The  roll  stabilization  system  may  be  rep¬ 
resented  by  another  box  like  (I). 


4.  Equations  of  Components  of  the  Stabilization  3ystom.  — 

Equations  representing  the  performance  of  each  part  of  the 
system  in  (i)  of  Figure  1  will  now  be  written  under  the 
following  assumptions: 

.  a*  The  whole  system,  as  well  as  each  of  the  parts, 
is  linear-. 
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B.  Backlash,,  dead  space,  leakage,,  radar  noise, 
and  dry  friction  are  negligible. 

C.  Control  about  the  three  axes  is;  mutually  in¬ 
dependent. 

i 

Equations  of  Performance  of  Components. 

(1)  5  »  TT  -■£  ERROR  SIGNAL 

(2)  ^  -  0Z\%  -  %)  PICKOFF 

(3)  (Jjp2  ♦  Fxp  +  K1)/'  =  C5KX  *  VALVE 

(4)  p  v  *  C6  M  HYDRAULIC  PI3T0N 

(5)  %  *  C7  V  .CONTROL  SURFACES 

(6)  (Jgp8  +  Fgp  +  K2)n  «  -C3  %  MISSILE  RESPONSE 

where 

£  -  angular  displacement  of  gyro  spin  axis 
measured  from  a  fixed  zero  position. 

tt  *  angular  displacement  of  bee  (and  gyro  case) 
from  same  zero  as  used  for  £  • 

£  *  rr  -  £  *  angular  error  between  the  'case  axis 
and  the  spin  axis. 

A  *  displacement  of  pickoff  from  neutral  position. 

\  •  displacement  of  control  surface  from  neutral 
position. 

C3  *  displacement  of  pneumatic  pickoff  per  unit 
error  signal  without  feedback.  ‘ 

C4  *  proportionality  feed  back  constant. 

JjL  »  mass  of  valve..  • 

F^  *  coefficient  of  viscous  friction  of  valve. 
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Ki  -  spring  constant  of  restraining  spring  on  the 
valve. 

M  *  linear  displacement  of  valve t 

C5  *  displacement  of  valve  per  unit  displacement 
of  pickoff . 

p  «  *  differential  operator. 

V  *  displacement  .of  hydraulic  piston  measured 
from  the  neutral  position-. 

.  .  Cg  «  velocity  of  piston  per  unit  displacement  of 
valve. 

C»  «  displacement  of  control  surface  per  unit  dis¬ 
placement  of  the  piston. 

Ip  -  moment  of  inertia  of  missile  about  its  axis 
'  of  response, 

1 

Fg  «  the  damping  constant  of  the  missile • 

Kg  *  missile  static  stability  c  onstant'. 

Cg  *  rotational  torque  on  the  missile  per  radian 
displacement  of  the  control  surface-. 

Equation  (6)  with  Kg  >0  implies  aerodynamic  stability 
of  the  missile  about  the  appropriate  axis*  In  other  words, 
the  missile  is  effectively  spring-restrained  about  the  axis* 
the  angular  position  of  'the  missile  in  which  the  spring  exerts 
no  force  being  the  stable  position-.  The  angles  n  and  £  are 
botli  measured  from  the  fixed  stable  position.  During  free 
flight  (no  steering  signal)  the  spin  axis  of  the’  free  gyro 
will  be  so  aligned  that  £  *  0.  The  flight  of  the  missile  .  . 
will  be  controlled  oy  processing  the  axis  of  tho  free  gyro 
away  from,  the  fixed  zero  position. 


5.  Equations  for  the  Stabilization  3ystem.  —  A  single 
e quat i on^relaTing '  the”  anguTa*r "dTspTac ement  of  the  bee  to  that 
of  the  gyro' axis  nay  be  obtained  by  eliminating  £  ,  />  , 

\/ ,  and  from  equations  (l)-{ 6) . 

The  resulting  differential  equation  As 

(7)  |(Jip3  +  ?ip8  ♦  Kip  ♦  KiA)(Jgp2  +  F2P  *  K2 )  +  blfjjnr  *  bKl 
where: 

Cq 

(8)  A  **  C7C6G5C4C3  ,  6  »  CpC^GgC^C^  *  ^  A. 

It  will  now  be  assumed  that  the  mass  of  the  valve  J4 
and  the  coefficient  of  viscous  friction  F^  on  the  valve 
are  negligible.  If  this  assumption  should  turn  out  to  oe 
incorrect;  the  following  results  will  be  only  approximate. 
Thus,,  setting  Jq  •  Fq  »  0  in  (7)  and  dividing  both  sides  by 
Ki,  the  equation  oetween  rr  and  £,  reduces  -to 

(9)  Jr2?3  +  *F2  +  AJ2)p2  .♦  (K2  +  AF2)p  +  (AK2  ♦  xifjn  *  iJg 

In  order  that  the  solution  of  (9)  be  stable  it  is 
necessary  and  sufficient  that 

A.  All  coefficients  on  the  right  side  of  (9); 
be  positive,  and 

b,  (F2  +  AJ24(Kg  ♦  AF2)  >J2(aK2  t  b). 

This  stability  inequality  cbn  be  simplified  to 

(10)  A2FgJ g  ♦  AF22  4-  y.gKj>  . 

TKe  feedback  coefficient  C4  is  a  factor  of  A;  therefore, 
theoretically  the  feedback  can  be  increased  sufficiently  to 
satisfy  (10)  and  make  the  system  stable..  Major  factors  deter¬ 
mining  the  value  of  A  to 1  give  stability  are  l2»*2»  and  K2, 
all  of  which  represent  aerodynamical  properties  of  the  bee, 
and  none  of  which  are  known.  Actually  J2,  F2,  and  K2  will  be 
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chosen  and  then  A  will  be  adjusted  to  make  the  system  stable 
when  the  controls  are  acting. 

If  Jo,*  K2,  Fg  and  the  constant  B  =  GpC^GgCgC.g  are  such 
that  FgECg  i^  t^ie  system  will  be  stable  without  feedback. 


$ .  Stabilization  when  the  Gyro  Spin  _-ixis  is  Aligned  so 
that  ~t£'  '*  0.  —  Assuming  that  "the  bee~i3  stableTabout  the 
axis  under  "consideration  (roll,  pitch,  or  yawl,  and  that  the 
axis  of  the  corresponding  free  gyro  is  aligned  with  the  sta¬ 
ble,  position  of  the  missile,  the  response  of  the  bee  to  an 
angular  'displacement  n  from  the  stable  position  is  described 
by  equation  ,(,5)  with  £  =  G.  The  solution  of  the  equation 
is  then 


( 11 )  tt  «  D^exl^  +  Dpex^  +  Dgc^t 

Where  ?1,  Bg,  Dj  are  constants  de .pending  on  the  initial 
conditions  and  X]_,-  x2,  Xj;  are  the  three  roots  of  the  cubic 
equation 

(12)  JgX3  ♦  (Fg  +  AJg);X2  +  (Kg  ♦  AF2)x  +  (  4K2  +  3)  =  0. 

If  the  coefficients  of  (12)  are  all  positive  and  in¬ 
equality  (10)  is  satisfied,  the  real  parts  of  the  roots 
x^,  x2,  X3  will  be  negative;  hence,  the  solution  (11)  will 
contain  only  transient  terms  and  the  bee  will  return  to  its 
stable  position  tt  *  0: 


7 .  Stabilization  in  Yaw  or  ?itch_ when  &  =  (a  constant). 
—  Again  assumTng  "that  the  “oee  rs'Ttabl¥Tb"6ut  "*€ffe  "axls“lmc[er 
consideration,  but  now  assuming  that  the  axis  of  the  corres¬ 
ponding  free  gyro  is  at  an -angle  £.0  with  the  stable  position 
of  the;  missile,  the  response  of  the  bee  to  an.  angular  displace¬ 
ment  tt  from  the  stable  position  is  described  by  Equation  (9) 
with  £  ?  &o  •  The  steady  state  solution  of  this  equation  is 


(13) 


rr 
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and  the  transient  solution  is  given  by  ( 11 ) -  Tho  stability 
criteria  are  unchanged. 

It  follows  from  equation  (13)  that  the  bee  returns  to 
a  position  which  is  between  the  stable  position  and  the  po¬ 
sition  of  the  gyro  axis.  The  missile  attempts  to  return  to 
the  position  of  the  gyro  axis,  but  is  prevented  because  .it 
is  effectively  spring-restrained  about  the  stable  position. 

If  the  bee  is  neutrally  stable^',  th-'-st  is  Fg  =  .0,  equa¬ 
tion  (13)  reduces  to  n  «  So.  In  this  case  the  missile 
actually  does  return  to  the  position  of  the  gyro  axis.. 


8.-  Rate  Gyro  for  Additional  Roll  Stabilization.  —  If  the 
roll  stabilization  system  viblates~"the  assumption  of  linear¬ 
ity  violently  due  to  the  high  angular  velocitv  at  launching 
so  that  the  analyses  do  not  apply,  it  is  possible  that  the 
free  gyro  control  alone  will  not  stop  the  spinning.  In  such 
a  case  it  might  still  be  possible  to  add  a  rate  gyro  with 
its  inout  axis  along  the  roll  axis,  as  h3S  been  suggested  by 
various  oeople.  The  output  of  this  gyro  could  be  fed  into 
the  error  signal  channel  with  the  possible  elimination  o.f 
the  feedback  link  on  the  free  gyro*.  In  this  combination 
system,  the  free  gyro  would  bo  used  to  furnish  the  error  3ig‘ 
nal  and  the  rate  gyro  to  furnish  the  derivative  of  the  error 
signal. 


F  "Throughout  this"  report "  it  "is  "assumed  that  the ’"bee  fs 
either  stable  or  neutrally  stable  about  each  of  the  three 
axes*  iis  stated  elsewhere,  it  might  develop  that  a  higher 
degree  of  maneuverability  can  be  obtained  if  the  missile  is 
made  slightlv  unstable,  that  is*  if  .Kg  is  negative.  a11  of 
the  equations  of  this  report  hold  equally  well  for  Kg  nega¬ 
tive  j  but  the  conclusions  regarding  stability  must  be  re¬ 
vised;  The  over-all  stability  of  the  system  is  a  strong 
function  of  Jg,  Fg,  Kg  and  a  whose  values  are  still  unknown. 
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II.  STEERING  3Y3T3M 

9 .  Equations  of  Components . of  Elevation  Stearins  Mechanism. 
Figure  1  indicates  that;  the  steering  controI'Viil  operate  a3 
follows:  ,  , 

The  radar  equipment  on  the  ground  will  form  a  signal 
which  is  the  difference  between  the  elevation  of  the  target 
and  the  elevation  of  the  missile.  This  error  signal  will  be 
delayed  bv  an  RG  circuit  in  the  T  and  E  scope  to  give  smooth¬ 
ing.  The  smoothed  error  signal  then  will  act  in  the  bee 
through  a  pneumatic  precessor  to  change  the  direction  of  the 
spin  axis  of  the  pitch-yaw  gyro. 

The  equations  of  performance  of  the  various  parts  of  the 
steering  mechanism  in  Figure  1  may  tie  written  as  follows: 


(14) 

^  *  e  -  a 
• 

ERROR  SIGNAL 

(15) 

(Up  +  l)  v  =  ft 

RG  DEL i*v 

(16) 

6  -  -c  1y 

PNEUMATIC  CONTROL  ViiLVS  DTSPL.iC 

(17) 

PJB  -  C2ti 

SPIN  .4X13  DISPI^CEMENT 

(18) 

pa  »  Ggpn 

PATH  RESPONSE 

where 

9  «=  the  elevation  of  the  target  in  fixed  space. 

a  =  the  elevation  of  th  ;•  missile  in  fixed  space. 

$  *8  0-  -  a  *  the  difference  in  elevation  of  the  target 

and  missile. 

£  *  the  time  constant  of  the  RC  delay  circuit, 
y*  the  smooth  output  error  signal. 

t  =  the  preCessing  force  on  the  spin  axis  of  the  gyro. 

=  the  force  on  the  gyro  spin  axis  per  unit  smoothed 
error  signal. 
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velocity  of  spin  axis  precession  per  unit  applied 
force.. 
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C9  -  rate  of  change  of  the  elevation  of  the  missile' 
per  unit  annular  velocity  of  the  missile  about; 
its  pitch  axis. 

The  first  four  of  the  set  of  equations  (14) -(18)  reprer 
sent  the  manner  in  which  tho  error  signal  from  the  ground  ra¬ 
dar  is  used  to  process  the  gyro  spin  axis,  thereby  setting  a 
new  course.  7/hen  this  spin  axis  has  been  processed  through 
the  angle  £ ,  an  error  signal  appears  in  the  stabilization 
system,  causing  the  missile  to  respond  as  described  in  tho 
previous  paragraphs  on  stabilization.  The  change  in  oriental 
tion  of  the  missile  causes  a  chance  in  its  path  and  in  its 
elevation,  thus  reducing  the  error  signal  at  the  radar. 

This  change  in  path  elevation  due  to  change  in  missiie  orien¬ 
tation  is  described  by  equation  (19). 

Assumptions  A),  A),,  and  C)  of  section  4  have  been  car¬ 
ried  over  and  apply  to  the  steering  system.  The  actual  re¬ 
lation  between  a  and  tt  is  not  that  given,  by  equation  (18) 
but  rather 


( 19 )  ,  prt  *  pa  +  4*  p^a 


where 

R  =  range  of  the  missile, 
and  R  -  range  rate  of  the  missile. 

H 

Equation  (19)  is  linear,  but  the  coefficient  “  varies 

with  time.  In  order  to  simplify  the  mathematical  Analysis, 
the  approximate  relation  (18)  is  used  in  place  of  (19).  Tests 
may  show  that  range  influences  stability  of*  the  missile,  but 
the  present  analysis  will  not  uncover  this  effect  because  (19) 
has  been  replaced  b*r  (18),  If  stability  does  happen  to  de¬ 
crease  with  range,  i  might  be  possible  to  vary  the  wheel 
3poods  of  the  gyro;:  0  adjust  for  the  difference. 
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10 .  Steering  Control  about  Pitch  Axis  -  No  Integral  Control* - 
tfhen  the  variables  ,  ~y~>  b,  t,  .  t  .  ^ ,  /«  ,  v  ,  n,  and  V 
are  eliminated  fro. ^  equations  (l)-Ts)  and  (14)~{18)  inclusive, 
and  F^  and  have  been  replaced  by  0,  the  equation  qf  the 
response  of  the,  missile. becomes 

(20)  JjKTgP5  +('£^2  ^  £AJg  +  t  (T?  g  +  ^AFg  +  Fg  +  + 

(£AKg  ♦  txi  ♦  Kg  ♦  AFg)p2  -♦(AKg  +  Jd)p  +  CgCgC^a  * 
CgCgCj^BO  • 

A  study  of  equation  (20)  leads  to  the  following  con¬ 
clusions: 


1.  For  a  constant  target  angle  ©  =  0O  th/3  steady  state 
elevation  of  the  missile  is  also  a  =  0o. 

2.  For  a  target  whose  angular  velocity  In  elevation  is 
a  constant,  that  is,  ©  »  nt-,  the  elevation  of  the 
missile  is  given  by 


(21) 


a  -  nt  -(0^2  *  °s)n 
°9C8C2C1 


so  that  it  is  3een  that  there  is  a  constant  ve¬ 
locity  lag  of 


(C4IC2  ♦  Ce)n 
CgCp.CgCi 

3.  The  stability  of  the  system  depends  only  on  the 
left  member  of  equation  (20),  the  actual  stability 
criteria  being 

A.*  All  of  the  coefficients  are  positive,  and 

B-.  A  certain  pair  of  inequalities  exists  between 
thb  coefficients  of  this  left  member, 

*  t 

As  a  first  approximation,  wo  neglect  the  fifth 
order  term  in  (20)  and  write  the  stability  cri¬ 
terion  as 
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(22)  UKg  4  d)  |(tAT2  +t A  +  Kg  4  AF2)(tK2  +  t.-kFg  4  F?#  +  aJ2)"- 

GgC^iiidiFg  4  £aJ2  +  ^2^J [  ^ 

C9^2^1r>^:2  +  ^?2  +  f2  +  aJ2^2 


f 

4,  It  i3  theoretically  possible  to  vary  A  to  make  the 
system  aerodynamics liy  stable* 


II.  Steering  Control  about  Yaw  Axis^ -  No  Integral  Control*  — 
If  the  missile  is  designed  to  be  3table  about  the  yaw  axis, 
the  system  described  in  Sections  9  and  10  for  pitch  apply 
verbatims  However,  to  get  greatest  maneuverability  of  the 
missile,  it  may  be  necessary  to  make  it  have  neutral  stabil¬ 
ity  about  the  yaw  axis.  In  such  a  case  the  static  coeffi¬ 
cient  of  stability  K.2.  about  the  yaw  axis  becomes  0.  Sub¬ 
stituting  F2  *  0,  in  equations  (20),  (21),  and  (22)  loads  to 
*  corresponding  results  for  the  response  of  a  missile  which  is 
neutrai.lv  stable  aoout  the  yaw  axis  given  by 

(23)  £tJ2p5  4  (?F2  +  ?AJa  4  <T2)94  ♦  (r,iF2  4  F2  4  AJ2)p3  4 

(Vo  4  AFa)?2  4  Bp  4  CgC^CjiBja  *  CgC2CiB0  , 


(24) 


nt  — 


n 


C9C2C1 


4  AF2)(tAF2 


4  l?2  4  AJ2)  -  C9C2Cli3(tF2  4^AJ2 

C9C2Ci(^iF2  ♦  • 


Conclusions  corresponding  to  those  for  pitch  may  be  drawn. 


12.  Integral  Control  -  Fitch.  — ?  The  equations  for  the  re* 
sponse  of  the  missile  to  a  steering  signal  given  in  equation 
(21)  show  that  there  will  be  a  stcadv  state  constant  veloc- 
leg  for  a  target  whose  angular  veloci'tv  in  elevation  is 
Cc  tant.  .is  this  is  the  approximate  condition  which  win 
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hold  during  the  anticipated  operation  of  the  missile,  an 
attempt  has  been  made  to  eliminate  this  constant  velocity- 
lag.  Two  alternatives  are  possible  depending  upon  whether 
the  missile  is  automatically  controlled 

h.  From  the  ground,  or 

b.  In  the  air. 

if  the  control  is  from  the  ground,  a  computer  may  be 
developed  which  will  generate  the  constant  velocity  lag 
given  in  (31)  •  It  may  be  noticed  that  the  computer  will 
solve<  an  equation  which  Involves  known  constants  and  the 
angular  velocity  of  the  target  in  elevation.  Such  a  com¬ 
puter  could  be  made  from  a  rate  gyro  whose  sensitivity  is 
set  at  the  constant  value1  of 

®9^3^i^  mfi&r 


A  second  gyro  for  traverse  computation  would  also  be  needed. 

If  the  control  is  going  to  be  generated  on  the  ground  or 
in  the  missile,  the  error  signal  which  has  been  used  in  the 
previous  discussions  will  be  replaced  by  error  plus  integral 
error  control,#  This  would  necessitate  additional  equipment 
which  would  give  ah  extra  feeding  channel  between  the  error 
indicator  and  pneumatic  precessor  in  Figure  1.  This  channel 
would  produce  the  integral  of  the  error  so  that  its  equation 
of  performance  may  be  written  as 

(26)  pP  «  V 

where  P  «  integral  error  control  feedback  signal.  The  per¬ 
formance  of  the  oiieumatic  precessor  is  now  changed  from  (16) 
to 

'TTf  the  Integral  error  control-  is  genera*- teef  "in  a  rf  "electric 
circuit  j  it  may  not  bo'  possible  to  give  pure  integral  con¬ 
trol  but  very  easy  to  get  control,  approximating  the  desired 
type,  represented  ov  the  equation 

p  r  =  (i  +  ) y 


y**"  * 


(27) 
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b  ->  c0p  +  Gi y. 

When  the  variables  are  eliminated  in  the  equations 
I  ( 1 ) - (,6 )  (with  5*1  ■  Jx  ■  0)  and  equations  (14),  (15),  (26), 

5  (27),  (17)  and  (18),  the  equation  for  the  response  of  the 

']  missile  about  the  pitch  axis  With  integral  control  becomes 

1  * 

|  (28)|Tp®  +(^2  +  g  +  l2)p^  +(TK2  4  tAFg  4  F2  4  AJg)p^  4 

( CAi  2  4  ^B  4  Kg  4  AFgJp*^  ■f(A3"*2  +  B)p2  4  CgCgCxiip  + 

^9^2^  0*0°  51  (p9^2^1^P  +  * 

A,  study  of  this  equation  indicates  that 

A.  Y/hcn  the  target  elevation  remains  constant, 
the  steady  state  elevation  of  the  missile  is 
also  equal  to  that  constant. 

is.  The  constant  velocity  lag  for  a  target  whose 
elevation  annular  velocity  is  constant  (6=  nt) 
is  zero. 

G.  The  transient  re3  -onse  of  the  system  is  changed 
from  that  described  in  the  system  of  equation 
(20),  but  the  parameter  A  which  includes  the 
feedback  is  still  available  for  adjusting  the 
stability  of  the  system. 


13.  Integral  Control  -  Yaw.  —  Again  the  equations  of  the 
preceding  Section  desc^Tbing  res  -onse  of  the  missile  about 
the  pitch  axis  when  the  integral  error  control  has  been  added 
to  the  servo  system  applies  equally  well  for  the  response 
about  the  yaw  axis,  provided  the  missile  is  stable  about  thi3 
axis.  If,  on  the  other  hand,  'it- has  neutral  stability  about 
the  va v/  axis,  we  can  replace  K2  *  0  in  equation  (28)  and  ob¬ 
tain  an  equation  for  the  response  in  this  case  given  by 

(29)  [_tp5  +(t?2  *  €-*j2  ♦  J?,)?5  +(/TatT2  +  F2  4  AI2)p4  4 

(Td  4  ;iFg)p3  4  Bp2  4  GgCgC^Bp  ♦  OgO2Ooi0a  * 

IjlgCgCiBp  4  CgOgCobJ  0  . 


</ 

fe* - 


t 


ttpmcs-  —ng  - 


I 


vm 


Conclusions  similar  to  (A)  and  (B)  still  hold.  The  tran¬ 
sient  response  is'  governed  by  an  equation  different  from, 
thAt  of  Section  10  or  12; 


14.  .amplification  of  Sinusoidal  Motion.  --If  the  target 
flies  a  course  such  that  O’-  sf  ..C  sin  tot  or  if  the  radar  track¬ 
ing  error  has  this  form,  then  the  steering  signal  input  is  a 
3ine  function.  The  position  angle  a,  bused  on  the  equations 
and  assumptions  above,  would  bo  given  by  a  =  ft  a  sin  ( out  +  <T  ) 
where  ft  is  the  amplification  factor;  that  is  the  ratio  of  the. 
amplitude  of  the  output  ( Aa )  to  the  amplitude  of  the  input 
(A),  and  is  the  phase  lag  ootwoen  tho  input  and  response. 
The  values  of  ft  and  (t  arte  tabulated  for  each  of  the  cases 
considered  previously.  * 

• 

A.  Steering  about  the-  Pitch  «.xis  -  No  Integral  Control. 


? 


09C2ClB 


(30.) 


/  2+  CA  J  p+Jg  )  {Cjii'  2+Vxi+F  2 )  +  Cg'CgCiij'j  ^ 

*  +  J  —  (C  >’■  p"^CA5,g+.jj  g+Al-g  )o'^  +  ( 2+£>')uT|^ 

i t'JS°‘5  "  +  (A-?>+B)o.' 


-  Tan 


-1 


(C  t’g+2i  2 )  w  ”  “  (tA*  2+ii? 2 ) 0  gG  gC  ]_ii 

S .  Steering  about  the  ]pitch  ;-jcis  -  Integral  Control. 


Z5 


(31) 


y’fCoCgCi^f2’  4  (CgCgCo^)  2 


j-tS?  +  (Ta?p+?2+a,T 2  )°"4  -  a0.^~"+  C qC gC 0d1^  + 
/  ((tFa+ruTg+JgJw5  -  (tj+A?2)oy3  +  CnCgC^c?]2 


<jT  »  Tan*'1'  -  Tan 

ao 


-l)(^-V^-vJ2+,r2')w5  '  +  C9C8C^ 

-to:0  4-  !t&?2+^2+-i”  g)^-^  “  +  CgCgC^B 
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C.  Steering  about,  the  Yaw  Axis  *•  Stable  -  No  Integral  Control. 

P  -  iame  as  A. 

CT  -  Same  as  a. 

D.  Stearin-*  • about  the  Yaw  Axis  -  Stable  -  Integral  Control. 

P  -  Same  as  a. 

-  Same  a3  a. 

3.  Steering  about  Yav/  Axis  -  ’Neutral  Stability  -  No  integral 
Control. 

Set  K8  » -0  in  (30) 

F.  Steering  about  Yaw  Axis  -  Neutral  Stability  -  Integral 
Control, 

Set  K2  =  0  in  (31) 


